At the Yang-Lee edge singularity, finite-size scaling behavior is used to measure the low-lying excitation spectrum of the Ising quantum spin chain for free boundary conditions. The measured spectrum is used to identify the CFT that describes the Yang-Lee edge singularity of the 2D Ising model for free boundary conditions.
In 1985, Cardy [1] identified the (A 4 , A 1 ) minimal conformal field theory (CFT) [2, 3, 4] with the Yang-Lee edge singularity [5] of the 2-dimensional (2D) Ising model on the plane. Based on this identification, Cardy predicted properties of the Yang-Lee edge singularity. [1] Several of these CFT predictions have been confirmed numerically using the 2D Ising lattice model on the cylinder. [6, 7, 8] The 2D Ising model can also be defined on surfaces having boundaries. On such surfaces, CFT on the 1/2-plane should describe critical properties, [9] e.g., at the Yang-Lee edge singularity. In general, different boundary conditions on the 1/2-plane will define different CFTs. [9] Each of these CFTs has a spectrum corresponding to one or more of the Verma modules of the corresponding CFT on the plane. [10] The present article is organized as follows. First, it presents tools that were used to study the Yang-Lee edge singularity of the 2D Ising model. The tools include quantum spin chains and finite-size scaling. Second, it presents the excitation spectrum of candidate CFTs for the Yang-Lee edge singularity of the Ising model with free boundary conditions. Third, it presents finite-size measurements of the low-lying excitation spectrum at the Yang-Lee edge singularity of the Ising quantum spin chain with free boundary conditions. Fourth, it compares the measured spectrum to the spectra of the candidate CFTs.
To measure the excitation spectra, the extreme anisotropic limit is taken of the 2D Ising model. In this limit, each critical point of a 2D model becomes a critical point of a corresponding quantum spin chain. [11] In particular, each critical point of the 2D Ising model with free boundary conditions on the infinite strip will correspond to a critical point of the Ising quantum spin chain with free boundary conditions at its ends. The Yang-Lee edge singularities of these two models will have the same critical properties.
The Ising quantum spin chain for the 2D Ising model has a Hamiltonian given by: [12] 
In eq. (1) , N is the number of sites, σ x (n) and σ z (n) are 2x2 Pauli spin matrices at site "n", "h" is an external magnetic field, and "t" is a ferromagnetic spin-spin coupling, i.e., t > 0. At the Yang-Lee edge singularity, the external magnetic field, h, is purely imaginary, i.e., h = iB for a real B. On a quantum spin chain of length, N , the phenomenological renormalization group (PRG) defines special values, iB Y L (N ), of the magnetic field. For a length of N , the special value iB Y L (N ) satisfies the PRG equation: [13, 6] 
In eq. (2), m(iB, N )is the energy gap, which is equal to [
The energies E 0 (iB, N ) and E 1 (iB, N ) are the energies of the respective ground state "0" and first excited state "1" for the Ising quantum spin chain of length N. As N → ∞, the special values, iB Y L (N ), converge to the Yang-Lee edge singularity. The scaling behavior of physical quantities at solutions of the PRG equation provides the scaling behavior of same physical quantities near a corresponding critical point. [13, 6] For a spin-spin coupling t of 0.1, Table [ values of the magnetic field of Table [1] correspond to the Yang-Lee edge singularity when free boundary conditions are imposed on the Ising quantum spin chain. When evaluated at the B Y L (N )'s, physical properties have finite-size scaling behaviors corresponding to the Yang-Lee edge singularity in the limit where N → ∞.
In the same limit, CFT predicts that the leading scaling behavior of the actual excitation energies with the length, N, of a quantum spin chain will be: [14] E
Here, ∆ i is the conformal dimension of the field "i", and ξ is non-universal constant that depends on the normalization of the Hamiltonian for the Ising quantum spin chain. In eq. (3), the excitation energies depend only on one conformal weight, because physical boundaries reduce the symmetry of the CFT to a single Virasoro algebra.
On the 1/2-plane, a CFT has a partition function that is a linear combination of the Virasoro characters appearing in the partition function of the same CFT on the plane. [9, 10] Table [2] shows the low-lying excitation spectrum. In Table [ 2] , the CFT predictions for the excitation energies are normalized so that the lowest excitation energy is two. This normalization removes both the dependency on the non-universal constant ξ and the dependence on the quantum spin chain's length, N.
1 For the types of CFT that combine both Verma modules, Table 3 : Measured Low-lying excitation energies as a function of length, N , of the Ising quantum spin chain.
For special magnetic field values and spin-spin coupling of Table [1] , the lowlying excitation spectrum measured for Ising quantum spin chains of lengths between 6 and 12 sites is given in Table [3] and plotted in Figure (1) . The measured excitation energies have been normalized by division by 1/2 times the lowest measured excitation energy.
2 This normalization enables a direct comparison between the measured excitation spectra of Table [3] with the spectra turn out to be actual conformal dimensions for this specific model.
2 Figure (1) does not show the lowest excitation energy, which is exactly two in this normalization. of the candidate CFTs as given in Table [2] . To compare the measured spectra of Fig.(1) to the predicted spectra of Table [2] , it is necessary to determine the limit of the normalized excitation energies of the states as the quantum spin chain's length, N , becomes large. To find these limit values, one must identify corresponding states in Ising quantum spin chains of different length, N . In Fig.(1) , our conclusions about these correspondences are indicated by lines between measured excitation energies for different lengths, N . The correspondences were found by assuming a smooth scaling behavior and by using the fact that level crossings should disappear as N grows.
In Fig.(1) , it is easy to identify sequences A, B, C, D1, D2, E1, E2, F, G, and H 3 of normalized excitation energies. As expected, crossings between different ones of these levels disappear as N increases. The normalized excitation energies of the lowest states, which are labeled by A, B, C, D1, D2, E1, and E2, smoothly scale toward values of about 3 to 7 as N → ∞. The normalized excitation energies of the states labeled by F, G, and H smoothly scale towards higher values as N → ∞. For the states F, G, and H, the evaluation of the limit of these higher energy excitations as N → ∞ is outside of our measurements on Ising quantum spin chains of lengths between 6 and 12.
The last column of Table [ 3] also shows normalized excitation energies obtained by extrapolating the measured values to the limit where N → ∞. Each such extrapolation was made by fitting normalized measured excitation energies of a corresponding state, i.e., E i (N ) − E 0 (N ), to an equation of the following form:
In eq. (4), [E i (∞)− E 0 (∞)] is the limit of the i-th excitation energy as N → ∞, and A i N pi is a correction term whose form is motivated by finite-size scaling considerations.
From the above-described extrapolations, we find that the low-lying excitation spectrum for the Ising quantum spin chain at the Yang-Lee edge singularity has the following sequence of normalized excitation energies (degeneracies): 2(1), 3(1), 4(1), 5(1), 6(2), and 7 (2) . By comparing these results with the CFT predictions of Table [2] , it is readily seen that the measured low-lying excitation spectrum is the same as the low-lying excitation spectrum of the minimal CFT that is based on the (c, ∆) = (-22/5, 0) Verma module.
In conclusion, the measured low-lying excitation spectrum of the Ising quantum spin chain with free boundary conditions at the Yang-Lee edge singularity is in excellent agreement with the low-lying spectrum of the (c, ∆) = (-22/5, 0) Verma module. Thus, the (c, ∆) = (-22/5, 0) Verma module defines the CFT for the Yang-Lee edge singularity of the 2D Ising model on the infinite strip with free boundary conditions.
